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1 Introduction 

Consider the Sturm-Liouville equation 

— y"{x) + q(x)y(x) = A r(x)y(x), iGl, (1.1) 

with a real potential q G L[ oc (R) and an indefinite weight r G L 1 1 oc (lR). We assume that 
\r(x)\ > a.e. on IR and r has only one turning point x = 0, i.e., r(x) = (sgn x)|r(x)|. 
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Consider the operator L = yliP Q( x )j defined on its maximal domain D in the 
Hilbert space L 2 (IR, |r|dx). If L — L* (L > 0), then the operator 

^w(-;£ +9( 4 dom( - 4HS - (L2) 

associated with (11. II) is called J -self- adjoint (resp., J-nonnegative). This means that A is self- 
adjoint (nonnegative) with respect to the indefinite inner product [f,g] := (Jf,g) = f R fgrdx, 
where the operator J is defined by 

(Jf){x) = (sgn x)f(x), f e L 2 (R, \r{x)\dx). (1.3) 

In this paper, we will always assume that L = L*, i.e., 

the differential expression ( 11.11) is limit point at + oo and — oo. (1-4) 

So the operator A is J-self-adjoint. However, it is easy to see that A is non-self-adjoint in 
L 2 (M, |r|dx) (see Subsection [21]). 

The main problem we are concerned with is the similarity of a J-nonnegative operator ( 11.21) 
to a self-adjoint operator. Recall that two closed operators T\ and T 2 in a Hilbert space fry are 
called similar if there exist a bounded operator S with the bounded inverse S~ l in f) such that 
S'dom(Ti) = dom(T 2 ) and T 2 = ST1S' 1 . 

Ordinary and partial differential operators with indefinite weights have intensively been 
investigated during the last two decades (see [33], [6], [H], [53], [55], [15], [20], [22], [58], [23] . 
[36], [TO], PS], PS], [52], [4j], [61], P], [3H], [Z], [12] and references therein). 

The similarity of the operator A to a self-adjoint one is essential for the theory of forward- 
backward parabolic equations arising in certain physical models and in the theory of random 
processes (see [21], [H], [2Z], [2S], [13], [2S], [SZ] and references therein). Theorem 11.31 of this 
paper yields new results for "forward-backward" diffusion equations (see e.g. [33, Section 5.3]). 

Spectral theory of J- nonnegative operators was developed by M.G. Krein and H. Langer 
[291 Wf\ (see Subsection 12.31) . If the resolvent set p(A) of a j7"-nonnegative operator A is 
nonempty, then the spectrum a (A) of A is real. Moreover, A has a spectral function E^(-) with 
properties similar to that of a spectral function of a self-adjoint operator. The main difference is 
the occurrence of critical points. Significantly different behavior of the spectral function E^(-) 
occurs at a singular critical point in any neighborhood of which E^(-) is unbounded. A critical 
point is regular if it is not singular. It should be stressed that only and 00 may be critical 
points of j7-nonnegative operators. Furthermore, A is similar to a self-adjoint operator if and 
only if and 00 are not singular (see Proposition 12.31) . 

If the operator A has a discrete spectrum, the similarity of A to a self-adjoint operator 
is equivalent to the Riesz basis property of eigenvectors. For this case, R. Beals [6] showed 
that the eigenf unctions of Sturm-Liouville problems of type (11.11) form a Riesz basis if r(x) 
behaves like (sgn x)|x|^, (3 > —1/2, at x = 0. Improved versions of Beals' condition were 
provided in [TH E31 ESI EEJ [221 E2] • In [HI [22] , differential operators with nonempty essential 
spectrum were considered and the regularity of the critical point 00 was proved for a wide 
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class of indefinite weight functions. For J-nonnegative operators of the form (\1.2\i , the result 
of B. Curgus and H. Langer [TH Section 3] is formulated in Proposition 12.51 In particular, it 
implies the regularity of oo if there exist constants 6 > 0, /3± > — 1, and positive functions 
p+ G CHML P- e C^-5,0] such that 

r(x) = (sgn x)p±(x)\xf ± , ±x G (0,5). (1.5) 

The existence of Sturm-Liouville operators of type f ll.2p with the singular critical point oo 
was established by H. Volkmer [58] in 1996. Corresponding examples were constructed later 
(see [221 [H [231 E21 E] and references therein) . 

It turned out that the question of regularity of is more complicated. Several abstract 
similarity criteria may be found in [57], [3J, [12], [H], [SI], [1H], [31], but it is not easy to apply 
them to operators of the form ( 11.21) . First results of this type were obtained for the operators 
(sgn x)\x\~ a -^2, a > — 1, by B. Curgus, B. Najman, and A. Fleige (see pE] for the case a = 0, 
and [21] for arbitrary a > —1). Their approach was based on the abstract regularity criterion 
[12, Theorem 3.2]. Another approach based on the resolvent criterion of similarity (see Theorem 
13.11) was used by the authors of the present paper [351 GSH HD H31 112] as well as by M.M. Faddeev 
and R.G. Shterenberg [THl fl9] . Namely, in [35j [36], the result of [15] was reproved (see also 
|34|). It was shown in [18j that if r(x) = sgn x, j R (l + x 2 )\q(x)\dx < oo and ct(A) C 1R ; then 
A is similar to a self-adjoint operator. The case when q = and r(x) ~ ±|x| a± , a± > —1, as 
x — > ±oo, was considered in [THUIH]. A complete analysis for the case of a finite- zone potential 
was done in [12]. 

Our main aim is to present a simple and efficient regularity condition for the critical point 
of operator ( 11. 2ft and then to apply it to various classes of potentials (decaying, periodic, 
and quasi-periodic) as well as to the case when r(-) is nontrivial. In particular, we show that 
restrictions imposed in [181 EH] are superfluous (see Remarks 14.41 17.11) and give simple proofs 
for [21 Theorem 2.7] and [121 Corollary 7.4]. 

Our method is based on two ideas of [121 EH]- Namely, the resolvent criterion (Theorem 13. 1|) 
was used in [42] to reduce the similarity problem to a two weight norm inequality for the Hilbert 
transform and to obtain similarity conditions in terms of Titchmarsh-Weyl m-coefficients. In 
particular, [121 Theorem 5.9] states that A is similar to a self-adjoint operator if 



sup 

AeC+ 



M + (A) + M_(A) 
M+(A) - M_(A) 



< oo, (1.6) 



where M±(\) are the Titchmarsh-Weyl m-coefficients associated with ( 11. 2ft on H&± (explicit 
definitions are given in Section |2~31 . 

In this paper we show that a weaker form of (11.61) (see Theorem 13.31) remains still sufficient 
for similarity, and obtain also its local version using the Krein space approach of [38]. Namely, 
if the operator A is J-nonnegative and 



sup 



M + (A) + M_(A) -c 
M+(A) - M_(A) 



< oo, n° R := {A G C+ : |A| < R}, (1.7) 
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for certain constants R > and c £ K, then is not a singular critical point of A. Combining 
conditions fll.7p and Proposition 12.51 we obtain all (sufficient) similarity results of this paper. 
However the verification of (11.71) requires deep analysis of the m-coefficients. 

Condition (11.61) is not necessary [121 Remark 8.1]. Generally, it is violated for operators 
considered in Sections [6] and IH thought (11.71) can be applied (we do not know whether ( 11. 7ft is 
necessary). Note that the spectral analysis of the finite-zone case [4"2l Theorem 7.2] was based 
on the similarity criterion (Theorem 13. Ij) and Muckenhoupt weights rather than on condition 
(11.61) . The proof of [121 Theorem 7.2] does not require J-nonnegativity of operators, but it is 
quite complicated and it is difficult to extend this proof to the operators considered in Sections 
Eland [3 

It was proved in [38] that a condition slightly weaker than (11.71) is necessary for the similarity. 
Also, its local version was given (see Theorem l3.5l) . This result was used to show that the critical 
point of operator A may be singular even if q — (a corresponding example was constructed). 
On the other hand, it was proved that there exists a continuous potential q £ L 2 (R) such that 
the operator (sgn x)(—d 2 /dx 2 + q) is J-nonnegative and is its singular critical point. The 
second aim of this paper is to present an explicit potential with the above property (see Theorem 

E25- 

The paper is organized as follows. 

In Section [21 we collect necessary definitions and statements from the spectral theory of 
Sturm-Liouville operators and from the spectral theory of ^-nonnegative operators in Krein 
spaces. 

The local regularity condition (II. 7p is obtained in Section [3j 

In Section HI we investigate the J-self-adjoint operator A with r(x) = sgn x and q satisfying 

/ (1 + \x\)\q(x)\dx < oo. (1.8) 
For such operators, we obtain the following criterion. 

Theorem 1.1. Let A be an operator of the form (sgn x)(—d 2 /dx 2 + q(x)). If the potential q 
satisfies ( ti.gj) . then the following statements are equivalent: 

(i) A is similar to a self- adjoint operator, 

(ii) A is J-nonnegative (i.e., L > 0), 

(iii) the spectrum of A is real. 

Under condition (11.81) . o~(L) fl (— oo, 0) may be nonempty but is finite. For this case, we 
provide a complete spectral analysis of the operator A. Namely, it is shown that a ess (A) = M, A 
has no real eigenvalues, and the discrete spectrum <7di S c(^4) consists of a finite number of nonreal 
eigenvalues; we use results of [H] and [12] to describe their algebraic and geometric multiplicities 
both in terms of definitizing polynomials and in terms of Titchmarsh-Weyl m-coefficients (see 
Proposition 14. 6p . 

In Section 0, it is shown that Theorem 11.11 is sharp in the sense that condition (jl.8p cannot 
be weaken to q £ L 1 (1R, (1 + |x|) 7 (ia;) with 7 < 1. Actually, we construct a potential go such 
that 
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(i) qo(x) ~ 2(1 + |a:|)~ 2 as \x\ — > oo, 

(ii) the operator A = (sgn x)(—d 2 /dx 2 + qo(x)) is J-nonnegative, 

(Hi) is a singular critical point of A. 

Note that if r(x) = (sgn x)|r(a;)|, the regularity of the critical point oo of a J-nonnegative 
operator of the form (II. 2p depends only on local behavior of the weight r in a neighborhood of 
x = (see [54"l Theorem 4.1]). It appears that the latter is not true for the critical point 0. We 
show that the regularity of the critical point depends not only on behavior of the weight r at 
oo (see [39, Example 1]) but also on local behavior of the potential q. This gives an answer to 
a one question posed by B. Curgus (see Subsection 15. 2p . 

In Section El condition (11.71) is applied to operators with periodic potentials. 

Theorem 1.2. Assume that the potential q G Li oc (R) is T -periodic, q(x + T) = q(x) a.e., 
T > 0. // the operator L = —d 2 /dx 2 + q(x) is nonnegative, then the operator A = (sgn x)L is 
similar to a self-adjoint operator. 

This theorem can easily be extended to a more general class of Sturm-Liouville operators 
with periodic coefficients (see Remark 16. ip . Also, a similar result is obtained for the class of 
infinite-zone potentials. This class includes smooth periodic potentials. Generally, infinite-zone 
potentials are almost-periodic [48] . For J-nonnegative operators with finite-zone potentials, the 
similarity to a self-adjoint operator was obtained in Corollary 7.4]. We present a simple 
proof for this result (see Subsection 16. 2D . 

In Section [3, the following theorem is proved. 

Theorem 1.3. Let q = and r(x) = ±p(x)\x\ a± , x G M.±, where a± > —1 are constants and 
the function p is positive a.e. on R. Assume also that 

/■±oo 

± \x\ a±/2 \p(x) -c±\dx < oo, (1.9) 
J±i 

with certain constants c± > 0. Then: 

(i) is a regular critical point of the operator A = — 

(ii) if the weight r also satisfies the assumptions of Proposition HT51 (i), then the operator A is 
similar to a self-adjoint one. 

Note that the results of A. Fleige, B. Najman [2"4"l Theorem 2.7] and M.M. Faddeev, 
R.G. Shterenberg [19j Theorem 3] are particular cases of Theorem 11.31 Moreover, we give 
a short proof of [2U Theorem 2.7]. 

Some results of the present paper were announced without proofs in brief communications 
|4"Tl |4"4"] . Preliminary version of this paper was published as a preprint [10] ■ 

Notation: Throughout the paper Cj, C2, . . .will denote constants that may change from 
line to line but will remain independent of the appropriate quantities. Let T be a linear 
operator in a Hilbert space fj. In what follows, dom(T), ker(T), ran(T) are the domain, kernel, 
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range of T, respectively; cr(T) and p{T) denotes the spectrum and the resolvent set of T; 
R T (A) := (T — XI) 1 , A G p(T), is the resolvent of T; cr p {T) stands for the set of eigenvalues of 
T; the discrete spectrum a^ sc {T) is the set of isolated eigenvalues of finite algebraic multiplicity; 
cr css (T) := er(T) \ <JAisc(T) is the essential spectrum of T. 

We put C± := {A G C : ±ImA > 0}, Z + := N U {0}, R+ := [0,+oo), R_ := (-00, 0]. 
Denote by Xs(') the indicator function of a set S C R, and x±(0 := Xr±(*)- We write 
/ e -^ioc(-^)( e ^Cioc(R)) if the function / is Lebesgue integrable (absolutely continuous) on 
every bounded interval in R; f(x) x g>(a:) (x — >■ x ) if both f/g and (7// are bounded functions 
in a certain neighborhood of Xo; f(x) ~ g(x) (a; — > xq) means that \\m x ^ Xo f(x)/g(x) = 1. We 
write f(x) = 0(g(x)) (f(x) = o(g(x))) as x — > xo if f(x) = h(x)g(x) and h(x) is bounded in a 
certain neighborhood of Xo (resp., lim x ^ XQ h(x) = 0). 

2 Preliminaries 

2.1 Differential operators. 

Consider the differential expressions 

%] := O (-^ + 9f ) and a M := ~ + W) ' ( 2A ) 

assuming that q, r G L 1 1 oc (R) and xr(x) > for a. a. x G R. Let 2) be the maximal linear 
manifold in L 2 (R, \r(x)\dx) on which £[■] and a[-] have a natural meaning: 

D := {/ G L 2 (R, |r(x)|cfe) : /, /' G AC loc (M), *[/] G L 2 (R, \r(x)\dx)}. (2.2) 

Define the operators L and A by 

dom(L) = dom(A) = D, Lf = £[f] and A/ = o[/]. 

The operators A and L are closed in L 2 (R, \r(x)\dx). In the sequel, (jl.4p is supposed, i. e., 
L = L*. It is clear that A = JL, where J* = J" 1 = J is defined by ( II. 3p . Thus, the operator 
A is J-self-adjoint. But A is non-self-adjoint since A* = AJ and dom(A*) = JD 7^ dom(A). 
It is obvious that the following restrictions of the operators L and A 

Lmin • L \ D m j n , ^min • A \ D m j n , 

D min : = {/e® : f(0) = f (0) = 0}, (2.3) 

are closed densely defined symmetric operators with equal deficiency indices (2,2). By D^ in 
we denote the domain of the adjoint operator Lj^ in of L min . Note that D m i n = 55 Pi JD. This 
implies dom(74j^ in ) = dom(Lj^ in ) = D^ in and A m[n = JX min (see e.g. [12]). The extensions A 
and L defined by 

Ao '■= A* min \ D , L : = L* min \ D , 

D : = {/ G Dj^ in : /'(+0) = /'(— 0) = 0}, (2.4) 

are self-adjoint operators and = JLq = LqJ. 
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2.2 Titchmarsh-Weyl m-coefficients. 

Let c(x, A) and s(x, A) denote solutions of the initial-value problems 

— y"(x) + q(x)y(x) — A \r(x)\y(x), sel, (2.5) 
C (0,A) = s'(0,A) = l; c'(0,A) = s(0,A) = 0. (2.6) 

Since equation (I2.5P is limit-point at +oo, there exists a unique holomorphic function m + (-) : 
C \ R — > C, such that the solution s(x, A) — m + (A)c(x, A) belongs to L 2 (R + , \r(x)\dx) (see 
e.g. [56]). Similarly, the limit point case at — oo yields the fact that there exists a unique 
holomorphic function m_(-) : C \ R — > C such that s(x, A) + m„(A)c(x, A) G L 2 (R_, \r(x)\dx). 
If A G C \ R and /±(-, A) are nontrivial L 2 (R_|-, |r|dx) -solutions of equation (12.51) (which are 
unique up to a multiplicative constant), then 

m+(A) = "TuTM)' m - (A) = 7TFM)' A * R - (2 ' 7) 

The functions /±(-,A) and m±(-) are called t/ie Weyl solutions and i/ie Titch-marsh-Weyl 
m-coefficients (or Titchmarsh-Weyl functions) for (12. 5p on R±, respectively. We put 

M±(A) := ±m±(±A); ^±(x, A) = (s(x, ±A) - M ± (A)c(x, ±X)) X ±(x). (2.8) 

It is easily seen that a[ip±(x,X)] = \tp±(x,\), where a[-] is defined by (12.11) . By definition 
of m±, ip±(-,\) G L 2 (R, \r(x)\dx) for all A G C \ R. The functions M±(-) are said to be 
the Titchmarsh-Weyl m-coefficients for equation U.l\) on R± (associated with the Neumann 
boundary condition y'(±0) = 0). 

It is known (see e.g. [56]) that the functions ip± and M± are connected by 

\^±(x,X)\ 2 \r(x)\dx= Im M± ( A ) forall A G C \ R. (2.9) 

Im A 

This implies that M + and M_ (as well as m + and m_) belong to the class (R), i.e., i/iey are 
holomorphic inC\l, M ± (A) = M±(A), and Im A • Im M ± (A) > /or A G C + U C_. 

Definition 2.1 Q31J). ^4n R-function M belongs to 

(i) the Krein-Stieltjes class (S) if M is holomorphic on C \ R + and M(X) > for X < 0; 
(m) the Krein-Stieltjes class {S -1 ) if M is holomorphic on C \ R + and M(A) < for A < 0. 

If M G (5) then it admits the integral representation (see [2H Sec. 5]) 

r+°° dr(s) f +co 
M(X)=c+ — where c > 0, / (1 + s)^ 1 rfr(s) < +oo, 

and t : R + — > R + is a nondecreasing function. This representation yields that an S-function 
M is increasing on (— oo, 0), and M(Ao) = for certain Ao < exactly when M = 0. Note also 
that M G (S- 1 ) if and only if (-1/M) G (5). 

The nonnegativity of the self-adjoint operator L can be described in terms of the m- 
coefficients m±. 
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Proposition 2.1. The operator L — y — ^ + qj is nonnegative if and only if (— l/m + — 

1/mJ) G {S^ 1 ). If, in addition, r(x) = — r(— x) and q(x) = q(—x) for a. a. x G R ; i/ien L > 
exactly when m + G (S 1 ). 

Proof. Let be the self-adjoint operators (in L 2 (R_|-, \r(x)\dx)) associated with the Dirichlet 
boundary value problems 

- y"{x) + q{x)y{x) = A \r(x)\y(x), x G R±; y(±0) = 0. (2.10) 

Recall that the functions m± := —l/m± are the Titchmarsh-Weyl m-coeffici-ents associated 
with the problems (I2.10p . In particular, m± G (R) and 

c(x, A) ± fh±(\)s(x, A) G £ 2 (R±, \r(x)\dx) whenever A G p{L±). (2.11) 

If L > 0, then its symmetric restriction L m i n defined by (12.31) is nonnegative too. Moreover, 
the extension © L D of L m i n corresponding to the Dirichlet boundary condition at is a 
Friedrichs extension, i.e., a maximal nonnegative self-adjoint extension of L min (see and 
[To! Proposition 4]). So L m[n > if and only if > and lP_ > 0. This implies that both 
m + and m_ are analytic on C \ R + and real on (— oo, 0). It follows from (12.111) that 

{A < : m+(A) = -m_(A)} = <x p (L) n (-oo,0) = a{L) n (-oo,0). 

Since L > 0, we see that m + (A) +m_(A) 7^ if A < 0. Moreover, m+(A) + m_(A) < for A < 
since m±(— 00) = —00. Thus, m + + m_ G (5 1-1 ). 

If g and |r| are even, then m_(-) = m + (-). Hence, m + + m_ = 2m + (-) = —2/m + G (S^ 1 ) 
or, equivalently, m + G (5*). □ 

Remark 2.1. In the recent paper the number of negative squares of self- adjoint operators 
in Krein spaces were investigated in terms of abstract Weyl functions (cf. f41\ Theorem 2]). In 
particular, Proposition \2.1\ was proved under additional assumptions (see Proposition 4-4 an d 
Theorem 4-7 in ^jj). 

2.3 Spectral functions of J- nonnegative operators. 

Let fj be a Hilbert space with a scalar product (•, Let fj + and i}_ be closed subspaces of 
ft such that fj = S) + © Denote by P± the orthogonal projections from ft onto fj±. Put 
J = P + — P_ and [•, •] := (J-, -)^. Then the pair /C = (ij, [•, •]) is called a Krein space (see e.g. 
|4"7l E] for the original definition). The form [•, •] is called an inner product in the Krein space 
/C and the operator J is called a fundamental symmetry. 

Let T be a densely defined operator in 9). By TM denote the adjoint of T with respect to 
[•, •]. The operator T is called J -self- adjoint {J-nonn egative) if T = TM (resp., [Tf, /] > 
for / G dom(T)). It is easy to see that T"M := JT* J and T is j7"-self-adjoint (jT-nonnegative) 
if and only if JTT is self-adjoint (resp., nonnegative). 

Let & be the semiring consisting of all bounded intervals with endpoints different from 
and ±00 and their complements in R := R U 00. 
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Theorem 2.2 ([47]). Let T be a J -nonnegative J- self- adjoint operator in fj such that p(T) ^ 0. 
Then o~(T) C R and t/iere exzsi a mapping A — > E(A) from & into the set of bounded linear 
operators in ft such that the following properties hold (A, A' G & ): 

(El) £(An A') = E(A)E(A'), E(Q>) = 0, E(W) = I, £(A) = £(A)M; 

(E2) £(A U A') = E(A) + E(A') if A n A' = 0/ 

(E3) £/ie /orm ±[-, •] zs positive definite on E(A)Sj if A C R±; 

(E4) E(A) is in the double commutant of the resolvent -Rr(A) and cr(T |" S(A)ij) C A; 

(E5) i/A bounded, then E(A)Sj C dom(T) and T \ E(A)Sj is a bounded operator. 

According to [HI Proposition II.4.2], s G {0, oo} is called a critical point of T if, for each 
A £ 6 such that s G A, the form [■,■] is indefinite on E(A)$) (the latter means that there 
exist h± G E(A)f) such that ±[h±, h±\ > 0). The set of critical points is denoted by c(T). If 
a G" c(T), then for arbitrary Ao, Ai G R \ c(T), Ao < «, Ai > a, the limits limA| a E([\ , A]) and 
limAja ^([A, Ai]) exist in the strong operator topology; here in the case a = oo, \\ > a (A j, a) 
means Ai > — oo (A J, — oo). If a G c(T) and the above limits do still exist, then a is called 
regular critical point of T, otherwise a is called singular. 

The following proposition is well known (cf. [ 4"7l Sec.6]). 

Proposition 2.3. Let T be a J -nonnegative and J - self- adjoint operator in the Hilbert space 
f). Assume that p{T) ^ and kerT = kerT 2 (i.e., is either a semisimple eigenvalue or a 
regular point of T). Then the following assertions are equivalent: 

(z) T is similar to a self- adjoint operator, 

(ii) and oo are not singular critical points of T . 

Proposition 2.4 ([14). see also [38J). If the (J -self- adjoint) operator A defined by M.fy) is 
J -nonnegative, then its spectrum <r(A) is real. 

So any J-nonnegative operator of type (11.21) has a spectral function E A (-). Note that oo is 
always a critical point of A, and may be its critical point. 

Proposition 2.5 ([II]). Assume that the (J -self- adjoint) operator A defined by U.S\) is J- 

nonnegative. 

(i) Assume that there exist intervals = (0,5], T$ = [—5,0), 5 > 0, and constants s± > 0, 

s± 7^ 1, such that r(x) G AC\ oc (lJ Ul[), ( r (s±x) ) e L°°(Tf), and there exist (finite) 
limits lim x ^-|-o ^ s±. Then oo is a regular critical point of A. 

(ii) If L > e > and the assumptions of statement (i) are satisfied, then A is similar to a 
self-adjoint operator. 

Proposition 12.51 and the slightly stronger condition (11.51) follows directly from [HI Theorem 
3.6 (i)], [T4"l Lemma 3.5 (iii)], and the remarks in the last two paragraphs of [14, Subsection 
3.2]. 
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3 Sufficient conditions for regularity of critical points 

Let A, L, J, and A m [ n be the operators defined in Subsection 12. 11 and M + , M_ the Titchmarsh- 
Weyl m-coefficients for ( II. ip (see Subsection 12.21) . 

3.1 Our approach to the similarity problem is based on the resolvent similarity criterion 
obtained in [5TI |4"U] (a resolvent similarity criterion, somewhat different from the one given 
below, was obtained in PT|). 

Theorem 3.1 ( [51] |4"9]). A closed operator T in a Hilbert space S) is similar to a self-adjoint 
operator if and only if c(T) C M and the inequalities 

sup eJ R \\n T ( V + ts)f\\ 2 d V <K 1 \\f\\ 2 , fefi, (3.1) 



£>0 



sup ef R \\K T .(ri + ie)f\\ z dri<Ku \\f\\, f e Sj, (3.2) 

£>0 

hold with constants K\ and K u independent of f. 

Remark 3.1. If J = J* = J- 1 and T is a J -self- adjoint operator, then T* = JTJ. So HTty 
is equivalent to k3. 1\) since in this case ||7^r*(A)/|| = ||7?.t(A)/|| for all f G $), AG p(T). 

3.2 For constants b, c G R, consider the operator Ab, c '■= A^ in \ dom(*4;, iC ), 

dom(A, c ) = {/ G dom^J : /(+0) - /(-0) = cf'(-O), 

/ , (+0) = 6/'(-0),}. (3.3) 

The operator A defined by ( 11. 2p coincides with .4.1,0- Note also that the formal differential 
expression i(— + q(x) + c5'(x)), where 5 is the Dirac function, may be associated with the 
operator A ljC (see e.g. [HUH]). 

Proposition 3.2. (i) Ab, c — Al c if and only if b = —1 and c G BL 

(11) a(A b , c ) \K = {AgC + UC_: M_(A) - bM + (X) - c = 0}. 
(Hi) If A £" R and A G p(A, c ), ^en /or all f G L 2 (1R, |r|dx) ; 

(A b , c - A)" 1 / = (A Q - A)- 1 / + ^iVil^-c (&0+(-,A)+V-(-,A)), (3.4) 

w/jere J"±(/, A) := | R± /(x)V>±(x, A)|r(x)|dx. 

Proof, (i) can be obtained by direct calculation. On the other hand, it follows from the proof 
of (121 Proposition 5.8]. Indeed, for the operator Ab tC , the matrix B defined by [4*21 formula 

(5.24)] equals ^ ^ ^ J, and ^4b jC = A* bc exactly when B = B* . The proofs of (ii)-(iii) are 

similar to that of [4*21 Proposition 4.4] (see also [3B1 Lemma 4.1]). □ 
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Theorem 3.3. // there exists a constant c6l such that the function 

|M+(A) + M_(A) -c\ 
|M+(A) - M_(A)| 

is bounded on C +; £/ien iTie operator A is similar to a self-adjoint one. 



(3.5) 



Proof. The proof is similar to that of [121 Theorem 5.9]. We present a sketch. 

Let c G E. Note that A = A* (see fl23D) and A_i, c = *4.* 1)C . Hence inequality (ETC]) 
holds for the resolvents of both the operators and A-i >c . Therefore (13. 4ft implies that for 
/ G J 2 (R, \r\dx) 



SUp £ 

£>0 



+oo 



F± (/, A* + ie) V'i A* + 



M+ (// + ze) + M_ (/i + is) 



dfx < d 



L 2 (\r\dx) 



(3.6) 



The same arguments and Remark |3 . 1 1 show that the operator A = v4 10 is similar to a self-adjoint 
one exactly when 



sup e 

£>0 



+oo 



fi=— oo 



M+(// + ie) -M_(// + ie) 



L 2 (\r\dx) 



Combining (13.61) with the assumption of the theorem, we get (I3.7p . 



(3.7) 



□ 



Theorem 13.31 is valid for J-self-adjoint (not necessary J-nonnegative) operators of the form 
(11.21) . If c = 0, this result coincides with [121 Theorem 5.9]. 

Theorem 3.4. Assume that the operator A is J-nonnegative. If ratio A3.5\) is bounded on the 



set tt° R := {A G C+ : |A| < R} (on the set fi^ := {A G 



|A| > R}) for certain constants 



R > and c6l, then the point (resp., the point oo) is not a singular critical point of A. 



Proof. By Proposition 12.41 and Theorem 12.2} A has a spectral function E^(A). Therefore 
Vr := Ea{[— R/2, R/2]) is a bounded J-orthogonal projection. Using properties (E1),(E2), 
and (E4) of £U(A), we obtain the decomposition 

A = A°+A co , A°:=A\S) , A°° := A \ S)^, L 2 (R, \r\dx) = f) +£oo, 

where f) := ran (Vr) and Sj^ := ran (I — Vr) . Moreover, 

a(A°) C [-R/2, R/2], a(A°°) c (-oo, -R/2] U [R/2, +oo). 

Obviously, A is J-self-adjoint J-nonnegative operator. Note that A has the singular critical 
point if and only if so does A. 

Let us prove that the resolvent of A satisfies ( 13.11) if the function (I3.5P is bounded on Q R . 
Indeed, using the last assumption, formula (13.4)) . and arguing as in proof of Theorem 13.31 we 
obtain 

r \\(A°-(vL + ie))- 1 f\\ 2 dvL = e f \\(A - + ie^ffd^ < dWff, (3.8) 
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where J £ := [-y/R 2 - e 2 , y/R 2 - e 2 } if e < R, and 1 £ = if e > R. Further, (E5) yields that A 
is bounded. From this and cr(A°) C [-R/2, R/2), one gets - A) -1 || < C 2 \X\^ for |A| > R. 
Hence, 



/ ||(A°-( / i + ^))- 1 /||><C 2 ||/|| 2 / £|/i + ^|" 2 rf/i<C 2 7T 



(3.9) 



□ 



Combining (13. 8ft and (13.91) with Remark 13. 11 we see that A is similar to a self-adjoint operator. 
Thus is not a singular critical point of A . The proof for the case of the critical point oo is 
similar. 

3.3 In Section^ we will use the following necessary condition for regularity. 
Theorem 3.5 ([39, 38J). Assume that the operator A is J-non-negative. 
(i) If is not a singular critical point of A and ker A = kerA 2 , then 

Im(M+(A) + M_(A)) 



sup 



M+(A) -M_(A) 



C R < oo, R > 0. 



(3.10) 



(ii) If oo is not a singular critical point of A, then the function in A3.10\) is bounded on Q 
for allR> 0. 



oo 
R 



Remark 3.2. // Re(M+(A) + M_(A)) - c = O (Im(M + (A) - M_(A))) as A -> 0, A G C +; 
the necessary conditions of Theorem \3.5\ imply the sufficient conditions of Theorem ~3~J, The 
results of the following sections show that this is the case for several classes of coefficients. 



4 Operators with decaying potentials and regular criti- 
cal point 

In this section, we consider the operator 

A = (sgn x) ^-^2 + ' dom(A) = S), (4.1) 

with the potential q G L 1 (R) having a finite first moment. That is we consider the case when 
r{x) = sgn x and q satisfies ( 11. 81) . 



4.1 The asymptotic behavior of the Titchmarsh-Weyl m-coefficient. 

Since |r| = 1, equation (12.51) becomes 

- y"(x) + q(x)y(x) = Xy{x), x G R. (4.2) 

Note that condition (11.81) implies that (14. 2p is limit point at both +oo and — oo. Let c(-,A), 
s(-,A), and m±(-) be the solutions and the Titchmarsh-Weyl m-coefficients of (14.21) defined as 
in Subsection 12.21 Denote by y/z, z G C \ M + , the branch of the multifunction z 1 / 2 with cut 
along the positive semi- axis M + singled out by y— 1 = i. 
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Lemma 4.1. Let 

[l + \x\)\q{x)\dx < oo. (4.3) 



Lei s(-, 0) 6e t/ie solution of h4-ty mft A = 0. 

(i) If s(-,0) is unbounded on M +; £/ien /or certain constants a + > and 6 + G M, 

m+(A) = ^-=[1 + 0(1)], A^O, AeC\R. (4.4) 

b + — iV A 

(ii) If s(-,0) is bounded on R +; then for a certain constant k + > 0, 

m+(A) =ik + V\ [l + o(l)], A^O, A G C \ E. (4.5) 

Proof. First note that it suffices to prove (14. 4ft and (14.51) for A G C + since m + is an i?-function 
and hence m + (A) = m + (A). 

(2) In the case q G L 1 (IR + ), the Titchmarsh-Weyl m-coefficient admits another representation 
(see [23 Chapter V, §3]), which is distinct from (12.71) . Namely, 

m + (A) = ^|, AGC + , (4.6) 



a(A) = — p= H = / q(x)e WXx s(x, X)dx, 



1 i 



+oo 



6(A) = § + ^y o q(x)e i ^c(x,X)dx, (4.7) 

where the functions a, 6 are analytic in C + . 

In order to estimate c(x, A) and s(x, A), we use transformation operators preserving initial 
conditions at the point x = 0. Indeed, it follows from [501 formulas (1.2.9)-(1.2.11)] (see also 
J) that c(x, A) and s(x, A) admit the following representations 



/X 
K(x,t) cos t\/\dt, (4.8) 
■X 

, . . sinxvA .sintvA , , , 

s(x,A) = + y — -^-dt, (4.9) 

where the kernel K(x,t) satisfies the estimates (see [50l formulas (1.2.20), (1.2.21)] and also 
J) 

\K(x,t)\ < l-wo (^^) e w ^~ w ^- w ^\ 0<\t\< x, (4.10) 



2 V 2 

PX PX 

w (x) := / \q(y)\dy, w l {x) := / w (y)dy. (4.11) 

Jo Jo 
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Under assumption (ll.8p . one can simplify (I4.10p as follows 

\K{x,t)\ < \w w x {x) := jf° \q(t)\dtdy (4.12) 

since inequality fll.Sp implies ?Z>i(+oo) = C < oo. Hence ( 11 .8p . (14.12|) . and (14.111) implies 
\K(x,t)\ < C\ < oo for all < \t\ < x. Combining this fact with ( 14. 8 p and ( 14.91) . one obtains 

|c(x,A)| < (1 + C lX )e x \ lm ^\ , \V\ s(x,X)\ < (1 + C 1 x)eH Im ^l, (4.13) 

for all x G R + and A G C + UR. We also need the following inequality (see [501 formulas (3.1.28'), 
(3.1.23)]) 

\s(x,X) \ < xe xllm ^e Wlix) < C 2 xe xllm ^, C 2 :=e c °, (4.14) 

which holds for all x G R+, A G C+ U R, and is better than (I4.13j) as A — > 0. 
Further, we put 

a(A) = l+/ q(t)e l ^ t s(t,X)dt, 6(A) = / g(t)e 4v/I *c(t, A)dt, (4.15) 

/■ + 00 /"+oo 

a+ : = a(0) = 1 + / q(t)s(t,0)dt, 6+ := 6(0) = / q(t)c(t,0)dt. (4.16) 
Jo Jo 

By Oil . (HHSD, and flUHK, the integrals in (fl~To) and (OSjl exist and are finite for all A G 

C + U R. Note also that a + , 6+ G R since g(-), c(-, 0), and s(-, 0) are real functions. 

Let us show that a + = if and only if s(x, 0) is bounded on R + . Indeed, integrating the 

equation 

- y"(x) + q{x)y(x) = 0, x > 0, (4.17) 

and using s'(0, 0) = 1, we get 



s'(x,0) = l+ q(t)s(t,0)dt, x>0. 
Jo 



By ( 14.161) . a + = exactly when s'(x, 0) = o(l) as x — > +oo. On the other hand, equation ( 14. 17ft 
with g(-) satisfying ( 11. 8ft has two linearly independent solutions yi(x) and y 2 (x) such that (see 
[2S1 Theorem X. 17.1]) 

y x {x) « 1, ^(x) = o(l); y 2 (x) ~ y^fa) ~ x ? ( 4 - 18 ) 

as x — ► +00. Hence, s(x, 0) = ci?/i(x) +022/2(2) • So we conclude that s'(x, 0) = o(l) as x — > +00 
if and only if s(-, 0) = cij/i(-) G L°°(R+). 

Note that c(x, A) and s(x, A) are entire functions of A for every x G R+. Combining this fact 
with (14.131) . (I4.14p . and first Helly's theorem, we obtain that functions (14. 15j) are continuous 
on C + U R. Due to the assumption s(-, 0) ^ L°°(R + ), we have a + 7^ 0. Therefore, 

a(A) = + o(l)), 6(A) = J + + (1)), (4.19) 
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as A — > and (jOj) easily follows from ffl~6]) and (14.191) . 

To complete the proof of (i), it remains to note that a + > since m + G (R). 
(it) Let the solution s(x, 0) be bounded, i.e., s(-,0) G L 0O (R + ). 

Under condition (14.31) . for every A in the closed upper half plane C+ equation ( 14. 2 p has a 
solution (called t/ie Josi solution) that admits the representation by means of a transformation 
operator preserving asymptotic behavior at infinity (see [50l Lemma 3.1.1], and also [HJ Chapter 
I, §4]) 

e(x, A) := e iVXx + / K{x,t)e i ^ t dt x > 0, A G C+, (4.20) 
where the kernel K(x,t) satisfies the following estimates for x,t > 

l#(M)l < ^o(^)e^), 



oc 



U3 Q {x) := / \q(t)\dt, u(x) = / 2 (t)dt. (4.21) 

J X J X 

Note that, e(x, A) = e"* x (l + o(l)) as x — ► +oo. In particular, e(-, A) is the Weyl solution of 
(|OD if A G C + . Moreover, 

POO 

e(x,0) = 1 + / K(x,t)dt 



is a nontrivial bounded solution of (14. 17ft . Hence (cf. (14.181) ). 

pea 

e( x , 0) = c s(x, 0) with (0 ^) c' = -K{0, 0) + / i^(0, t)dt, 
and e(0, 0) = c s(0,0) = 0. Therefore (see [50, formula (3.2.26)]), e(0, A) has the form 

poo ^ 

e(0,X) = iV\K 1 (-VX), K 1 (x)= K(0,t)dt, (4.22) 

J X 

where Ki(X) := J °° Ki(t)e~ lXt dt. Moreover, K\ is continuous at zero since K\ G L 1 (M + ), 
and Co := Ki(0) ^ (see the remarks after Eqs. (3.2.25) and (3.2.27) in [50]). Noting that 
e'(0, 0) = c o s'(0, 0) = c' 7^ 0, and taking into account (12 .7p . we arrive at the desired relation 

™W = -^ = -^ M <<l + °m)' (C^A-O, (4.23) 
e i^u, a) Cq 

which proves (ii) with k + = — ^j- - 1 . The inequality fc + > follows from the inclusion m + G 

(fl). □ 

Remark 4.1. Note that, if q G L 1 (M_,(1 + |x|)(ix), i/ien £/ie analogous statements are valid 
for m_ (u>i£/j certain constants a_,k_ > 0, and 6_ G M. instead of a + , k + , and b + , respectively). 

Proposition 4.2. Let U.8\) be fulfilled. Then the operator J^.i| ) /ias no rea/ eigenvalues, i.e., 
a p (A) D R = 0. 
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Proof. By (jQgjl . kerL = {0}. But kerA = ker(JL) = ker L = {0}. 

Further, let A > and f(x) £ ker (A — A) (the case A < is analogous). Then / £ L 2 
solves (14.21) with A > 0. Under assumption (11.81) . equation (14.21) has two linearly independent 
solutions of the form (see [501 Lemma 3.1.1]) 



e + (x,X) 



i\/~\x 



+oo 



e_(x, A) = e" 



i\f\x 



+ 



+oo 



/ K(x,t)e iy/It dt, 
K(x,t)e- iVlt dt] x>0, 



c + e + (x, A) 



with K satisfying d4~2T|) . So /(x) 
Hence ( I4.2ip implies that /(x) ~ c + e' tVAX + c_f 
The latter yields c + = c_ = since / £ L? 
solution of (14.21) . we get / = 0. 



f c_e_(x, A) for x > with certain c± £ C. 
iy/lx as x -> +oo (see jSJ formula (3.1.20)]). 
. Therefore, /(x) = 0, x > 0. Since / is a 

□ 



Remark 4.2. Assume that q satisfies $1.81) on M + and t/iat t/ie minimal symmetric operator 
-^min associated with the spectral problem 

-y"(x) + q{x)y{x) = A y{x), x > 0, y(0) = y'(0) = 0, 



is nonnegative in L 2 (IR + ). T/ie Friedrichs (hard) extension = (L+)* o/L^ in determined 
by the Dirichlet boundary condition at zero (for definitions and basic facts on M.G. Krein's 
extension theory of nonnegative operators see JE, Sec. 109]). The corresponding m-coefficient is 
fh+{-) (= — V m +('))- Lemma \J^1\ shows that s(-,0) £ L°°(IR + ) exactly when m + (— 0) = +oo. 
It follows from [^6] (see also llh\ Proposition 4]) that m + (— 0) = +oo holds if and only if ' is 
the Krein-von Neumann (soft) extension o/L^ in . The latter means that the operator L+ in has 



a unique nonnegative self-adjoint extension. Thus, Lemma leads to the following criterion : 
is a unique nonnegative self-adjoint extension of the nonnegative operator L^ in if and only 
if s(-,0) £ L°°(R+). 



4.2 The case of the nonnegative operator L. 

The proof of Theorem 11.11 is contained in this and the next subsections. The most substantial 
part, the implication (ii) =^> (i), is given by the following result: 

Theorem 4.3. Let A = (sgn x)(—d 2 /dx 2 + g(x)) and let q(-) satisfy U.8\) . If the operator A 
is J -nonnegative, then it is similar to a self-adjoint operator. 

Proof. Assume that the operator A is J-nonnegative. By Proposition 12.41 a(A) C M. Proposi- 
tion [23] implies that oo is a regular critical point of A. Moreover, (11. 8ft implies ker A = {0} (see 
Proposition 14.21) . Hence the similarity of A is equivalent to the nonsingularity of the critical 
point zero of the operator A (see Proposition 12. 3p . 

By Lemma [4.11 and (I2.8p . one of the asymptotic formulas (14.41) . (14 ,5p holds for the function 
m + (A) = M + (A). And the same is true for m_(A) = — M_(— A). Consider the following four 
cases. 



16 



(a) Let the solution s(-,0) of fiJJty be bounded on R, s(-,0) G L°°(R). By Lemma [47T1 (iii), for 
(C+ B)X -> we get 

M+(A) = i£; + VA (1 + o(l)), M_(A) = A;_VX (l + o(l)); fc± > 0. 

Therefore, we obtain as A —>■ 

M + (A) + M_(A) _ ik+VX + k-VX ik+ + k- 

M+(A)-M_(A) ijfe+VA-Jfc-VT UJ ^ + -A;_ l + ° Uj ' 

(b) Lei s(-,0) £ Z°°(R+), 6«* s(-,0) G Z°°(R_). Then, by LemmaEH 

M + (A) = a+ (1 + o(l)), M_(A) = fc_VA(l + o(l)); A - 0, 
o + — i\J A 

where a + > 0, 6+ G R, and A;_ > 0. Hence we get 

(c) The case when s(-,0) G L°°(R + ) and s(-,0) ^ L°°(R_) is similar to (b). 

(d) Lets(-,0) £L°°(R + ) ands(-,0) £ Z°°(R_). Then, by Lemma O (ii), one gets as A -> 

M + (A) = a + (6+ - zVA) _1 (l + o(l)), M_(A) = -a_(6_ + V^)" 1 ^ + o(l)), 
where a± > and fe± G R. Hence, 
M+(A) + M_(A) -c 



M+(A) -M_(A) 

a + (6_ + y/X) - a_(6 + - zv^) - c(b + - zVX)(&_ + y/X) 



_(b_ + VX) + a_(b + - ix/X) 



(4.25) 



as A — > 0. If 6+ • 6_ = 0, then the left part of (14.251) with c = has the asymptotic behavior 
similar to one of the cases (a),(b), or (c). Otherwise, we put c := a+bl 1 — a^bZ 1 and get 

M + (A) + M.(A)-c = (a + -cfr + )v / A-(q-+cfr_)v /Z A fl , ml = Q(1) 
M + (A)-M_(A) a+ ( & _ + v ^) + a _( fo+ + v ^A) 1 ° Uj U 

as A — > 0. From the above considerations, we conclude that there exists c G R such that ratio 
(13.51) is bounded in a neighborhood of zero. By Theorem 13.41 zero is not a singular critical 
point of A. Combining this fact with Propositions 12.31 and I2.4[ we complete the proof of the 
similarity of A to a self-adjoint operator. □ 



In passing, we have proved the following fact for any (not necessarily J-nonnegative) oper- 

d.i 2 



ator (sgn x)(— 4^ + q(x)) with q satisfying (11.81) . 
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Proposition 4.4. Let A = (sgn x)(— -jts + q(x)) with q satisfying lil.8\) . Then there exist cGl 
such that ratio A3.5\) is bounded in a neighborhood of zero. 

Remark 4.3. It should be pointed out that if L is nonnegative, then only the case (d) in 
the proof of Theorem \4-3\ can be realized. Actually, if s(-,0) G L°°(R + ) ; then ( |^.<5| ) yields 
(—m + (x))^ 1 | +00 as x | —0. Therefore (— m + )~ 1 + (— m_) _1 takes positive values on R_. 
But L > and Proposition ^. 1\ implies (— m + ) _1 + (— m_) _1 G (S^ 1 ). This contradiction shows 
that s(-,0) i L°°(R ± ). 

4.3 The operator L with negative eigenvalues. 

It is known that under condition (11.81) . the negative spectrum of the operator L = J A = 
—d 2 /dx 2 + q(x) consists of at most finite number K-(L) of simple eigenvalues and (see [EH 
Theorem 5.3]) 

K-(L) < 1 + / I x I g_ (x) dx, q~(x) :— (\q(x)\ — q(x))/2. 
Jr 

So Propositions 1.1 and 2.5 of [H] imply that A is a definitizable operator (for the definitions 
and basic facts see [301 SZl EE] and [2H Appendix B]). The latter means that p(A) 7^ and 
there exists a real polynomial p such that [p(A)f, /] > for all / G dom(A k ), where k = degp; 
the polynomial p is called definitizing. Since k_(JA) is finite, there is a definitizing polynomial 
p of minimal degree and of the form (see [Ml Eq. (1.2)]) 

p(z) = zq(z)q(i), degq < k_(L). (4.26) 

The polynomial q(z) is uniquely determined under the assumption that it is monic polynomial 
and all its zeros belongs to C + Ul. A definitizable operator admits a spectral function E(A) 
with, possibly, some critical points (which belong to the set 00 U {A G R : p(A) = 0}). The 
properties of E(A) similar to that of E(A) from Theorem 12.21 

B. Curgus and H. Langer [H] investigated nonreal spectrum of indefinite j7-self-adjoint 
ordinary differential operators A assuming that J A has a finite number of negative eigenvalues. 
The following result follows from [HI Subsection 1.3]. 

Proposition 4.5. Let A = (sgn x)(— d 2 / dx 2 + q(x)) and q G L 1 (R, (1 + \x\)dx). Let q be defined 
by UJBjj . Then: 

(i) A G R \ {0} is a zero of q(-) if and only if it is a critical point of A; 

in this case, A is also an eigenvalue of A. 

(ii) A G C + (C_) is a zero of q(-) (resp., (]{')) if and only if it is a nonreal eigenvalue of A; 
in this case, the algebraic multiplicity of A is finite. 

Taking Propositions 14.21 and 14.41 into account, we obtain the following description for essen- 
tial and discrete parts of the operator A. 

Theorem 4.6. Let A = (sgn x)(—d 2 /dx 2 + q(x)) and q(-) satisfy $1.8\) . Then: 
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(i) The nonreal spectrum <j{A) \ R is finite and consists of eigenvalues of finite algebraic 
multiplicity. If X G C\R is an eigenvalue of A, then its algebraic multiplicity is equal to 
the multiplicity of Xq as a zero of the holomorphic function M + (X) — M_(X) . Its geometric 
multiplicity equals 1. 

(ii) o~ p (A) = o"disc(^4) = o'iA) \ R ; a ess (A) = R ; and there exist a skew direct decomposition 
L 2 (R) = f) css + iodise such that 



the subspace fjdisc is finite-dimensional, 
(in) A ess is similar to a self-adjoint operator. 

Proof, (i) follows from Proposition 14.51 (i) and [121 Proposition 4.3 (5)]. 

(ii) follows from (i) and Proposition 14.21 (see e.g. [121 Section 6]). Note only that o~ ess (A) = 
o- css (A ) = R (see e.g. [42, Proposition 4.3 (1)]). 

(Hi) The operator A is a definitizable and admits a spectral function ^(A). By Proposition 
14.21 o~ p (A) H R = 0. So Proposition 14.51 (i) implies that q has no real zeros and that the only 
possible critical points of A are zero and infinity (actually, and oo are critical points). Further, 
oo is a regular critical point due to [T4"l Theorem 3.6]. Using Proposition 14.41 and arguing as in 
the proof of Theorem 13.41 one can prove that zero is not a singular critical point of A. Hence 
A ess , the part of A corresponding to the real spectrum, is similar to a self-adjoint operator 
T. □ 

Corollary 4.7. Let A = (sgn x)(—d 2 /dx 2 + q(x)) and q(-) satisfy ( ti.<§)) . Then: 

(i) Xq is an eigenvalue of A if and only if it is a zero of q(z)q(z); moreover, its algebraic 

multiplicity coincides with the multiplicity as a zero of q(z)q(z). 

(ii) a (A) cli/ and only if A is J-nonnegative. 

Proof, (i) Since o~ p (A) flR = 0, Proposition 14.51 (i) implies q(0) ^ 0. It follows from these facts 
that equality holds in [HI formula (1.3)]. Combining this and [171 Proposition II. 2.1], we see 
that the degree degp of polynomial p(z) = zq(z)q(z) is greater or equal than 2k_(JA). From 
this and (14.261) . we obtain degp = 2k^(JA) + 1 and degq = n_(JA). Applying the equality in 
[j~4"l formula (1.3)] and [174 Proposition II. 2.1] again, one gets statement (i). 

(ii) For the case L > 0, see Proposition 12.41 If A is not J-nonnegative, then k_(JA) > 1 
and therefore q(-) ^ 1. So q(-) has at least one zero Ai, which is an eigenvalue of A due to 
statement (i) and is nonreal due to Proposition 14.21 □ 

Now we are ready to prove Theorem 11.11 



Cdisc(-4) 



.4, 



■ess 




A disc = A \ (dom(A) n^disc), 
aess(^) = o-(A ess ) (= R); 
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Proof of Theorem ! Note that the implication (ii) =>■ (i) follows from Theorem 14.31 The 
implication (i) =>• (Hi) is obvious. To complete the proof it suffices to mention that the 
equivalence (ii) <=}■ (Hi) was established in Corollary 14.71 (ii). □ 



Recall that the function M + (-) — M_(-) is holomorphic in C \ R. The next result follows 
easily from Theorem 14.61 (i) and Corollary 14.71 (i). 

Corollary 4.8. Let A = (sgn x)(—d 2 /dx 2 + q(x)) and q(-) satisfy ( fi.ffj) . Assume also that A 
is not J-nonnegative. 

(i) Let {zj}^ be the set of nonreal zeros of the function M + (-) — M_(-) ; and let {kj}\ be their 
multiplicities. Then p = z Y\ii z ~ z j) kj ^ s a definitizing polynomial of minimal degree for 



(ii) A is similar to a normal operator if and only if kj = 1 for all 1 < j <n. 

Remark 4.4. Under the additional assumption q G L 1 (IR, (1 + |x| 2 )(ia; ; the equivalence (i) 
(Hi) in Theorem li.il was proved in figj / by using another approach. Note also that inclusion 
c(A) C K. was established in /igl Corollary 4] under the assumption m± G (S) (cf. Proposition 
\2.1\ of the present paper). 

5 Operators with decaying potentials and singular crit- 
ical point 

If r(x) = sgn x, then the operator A defined by (11.21) is similar to a self-adjoint one whenever 
L(= J A) is uniformly positive (see Proposition 12.51) . If G a css (L), then it may occur that 
is a critical point of A. Sturm-Liouville operators of type — r ^ dx 2 with the singular critical 
point were constructed in [38]. A J-nonnegative operator of type (sgn x)(—d 2 /dx 2 + q(x)) 
with the singular critical point have not been constructed, but existence of such an operator 
was proved in Section 6.2]. The goal of this section is to construct an explicit example of 
such type. Our example also shows that condition (11.81) in Theorem 11.11 cannot be weaken to 
q G L 1 (R, (1 + \x\)^dx) with 7 < 1. 

5.1 Example. 
Lemma 5.1. Let 



A. 



Qo(x) 



X[0,ir/4] ( X ) + 2 



X(7r/4,+oo)(a;) 



(5.1) 



(l + x-vr/4) 



2 ; 



Then the function 



m (\) 



sin(7r v / XTT/4) / vT+T + mi (A) cos(7t v / ATI/4) 



A G C 



(5.2) 



cos(7r\/A + 1/4) - m i (A)v / A + 1 sin(7iVA + 1/4) 



+ 



20 



where 

mi(A) = - ~~~7=~~r ; A G C+, (5.3) 
1 — «v A — A 

is the Titchmarsh-Weyl m- coefficient of the boundary value problem 

- y"(x) + q (x)y(x) = \y{x), x > 0; y'(0) = 0. (5.4) 
Proof. Consider the Sturm-Liouville equation 

- y"{x) + - y(x) = Ay(x), x > 0. (5.5) 
(1 + xy 

It is easy to check that fi(x, A) = e*^ 3 * 1 ) (>/A + i/(a; + 1)) solves (ESI) and A) G L 2 (R) 
for A G C+. Further, /i(0,A) = e iVX (V\ + i) and /((0,A) = e iVI (-V\~ + iX - i). By (TO) , 

we get that (15.31) is the Titchmarsh-Weyl m-coefficient of (15.51) associated with the Neumann 
boundary condition at zero. 

Using ( 15.11) . we obtain that the function 

fo(x, A) = (A(0, A) cos((x - |)VA + 1)+ 

/ ((0,A) s " l(( -Jf TT) ) X[ o, f] (^)+ (5-6) 
fi(x- f, A)x(|, +00 )(a;) ) x > 0, 

is the Weyl solution of (15. 4p for A G C + . To complete the proof, it remains to substitute (15. 6p 

in (|Z7D. ' □ 

Let us consider the indefinite Sturm-Liouville operator 

A = (sgn x) (-^-j + qo(\x\)) , dom(A) = W*(R), (5.7) 



dx 2 

with q defined by (15. ip . 

Theorem 5.2. Let A be the operator defined by ( [5. 7| ) and ( f5.i)j . Then: 

(i) A is J -self- adjoint, J-nonnegative, and o~(A) C R. 

(n) is a simple eigenvalue of A, i.e., its algebraic multiplicity is 1. 

(Hi) is a singular critical point of A. 

(iv) A is not similar to a self-adjoint operator. 

Proof, (i) Note that go is bounded on R. Hence A is J-self-adjoint. Next, we show that the 
operator L = J A = —d 2 /dx 2 + (7o(M) is nonnegative. The potential is even, hence, by Lemma 
15.11 ra+(A) = m_(A) = m (X) (see (15. 2p ). It is easy to see that mi is a Krein-Stieltjes function, 
mi G (S), since it is analytic and positive on (— oo, 0). It is not difficult to see that the latter 
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implies m G (S). Proposition 12.11 yields L > 0. Hence A = JL is J-nonnegative and, by 
Proposition [231 <r(A) C R. 

(n) It is easily seen that lim A ^ Am (A) = 7^ 0. So A = is the eigenvalue of the problem 
(15.41) . Hence c(x, 0)x+(x) G L 2 (IR + ). Furthermore, ?o(M) is even, hence c(x, 0)x~(x) G L 2 (R_) 
and c(x, 0) G kerL. Since s(x, 0) ^ L 2 (R), we get kerL = {a c(-,0) : a G C}. The equality 
ker A = kerL implies G cr p (/l). 

Further, by (15.21) and (15. 3p . we get 

mo(A) = ^^[^ (1 + 0(A)) = (l + _ ^ (i + 0(|A|)) , |A| - 0. 
Note that M + (-) = — M_(— •) = mg(-) since m + (-) = m_(-) = mo(-). Hence, 



lm(M + (iy) + M.(iy)) Im m (iy) l/^hj+l/y „ , Q _ /2 



Af+(iy) -M-(iy) Re m (iy) l + l/^hj \y 

as y — > +0. Combining (13. 4p with (12.91) . (15. 8p . and the inequality \\(A — iy)^ 1 ]] < after 
simple calculations we arrive at 

IKA-zy)- 1 !! <o(r 3/2 ), y^+o. 

Therefore, ker A = ker A 2 . This completes the proof of (ii). 

(Hi) Combining (15.81) with Theorem 13.51 (i), we conclude that is a singular critical point 
of A. 

(iv) follows from Proposition 12.31 and (Hi). □ 
5.2 On a question of B. Curgus. 

It is known that infinity is a critical point of the operator (11.21) . Moreover, the results of 
[El EH E21 [52] shows that the regularity of the critical point 00 of a definitizable operator of 
type (11.21) depends only on behavior of the weight function r in a neighborhood of its turning 
point (in our case, in a neighborhood of x = 0). At 6 th Workshop on Operator Theory in 
Krein Spaces (TU Berlin, 2006), B. Curgus posed the following problem: does the regularity of 
the critical point zero of a J-nonnegative operator of type (COj) depend only on behavior of the 
coefficients q and r at infinity"? 

Below we give the negative answer to this question. 

Consider the operator 

32 , o X(7r/4,+oo)(M) \ , , ., _ rT - 2( 



* = (sgn x) \r& + V+H-v^ ) ■ dom(A) = ws ™- 

It is easy to see that A\ is J-self-adjoint and J-nonnegative since the potential is bounded 
and positive on R. Arguing as in the proof of Lemma I5.1[ we obtain that the corresponding 
Titchmarsh-Weyl m-coefficients are 

M + (A) = -M_(-A) = m 2 (A) := ™(^/4)/^ + m ,(A)cc.( 1 ,>A/4) | 

cos(7rVA/4) - mi(A)vAsin(7rVA/4) 
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where mi(-) is given by (15.31) . Since mi(X) = 1 + 0{\f\) as A — >• 0, we easily get m 2 (\) = 
(1 + 7r/4 + O(vA)) as A — > 0. Hence we obtain 



lim 



Af+(A) +M_(A) 
M+(A) -M_(A) 



(1 + tt/4) - (1 + tt/4) 



(1 + tt/4) + (1 + tt/4) 



< oo, 



and, by Theorem 13.41 is not a singular critical point of A\. 

On the other hand, the operator A considered in the previous subsection is an additive 
perturbation of A\ by a potential with a compact support. However, is a singular critical 
point of A due to Theorem 15.21 (iii). Thus, the regularity of the critical point zero of operator 
(j 1 . 2fo depends not only on behavior of the weight function r, but also on local behavior of the 
potential q. 



6 Operators with periodic and almost-periodic poten- 
tials 

Throughout this section we assume r(x) = sgn x, so the operators L and A have the forms 
L = —d 2 /dx 2 + q(x) and A = (sgn x)L. All the asymptotic formulas in this section are 
considered in C+. 



6.1 The case of a periodic potential q. 

First, we consider the case of T-periodic potential q G L 1 1 oc (M), i.e., q(x + T) = q{x) a.e. on 
R, T > 0. It is known that in this case equation (12.51) is limit point at both +oo and — oo. 
Hence, the maximal operator L corresponding to the differential expression —d 2 /dx 2 + q(x) is 
self-adjoint in L 2 (R). 

Let c(x, A) and s(x, A) be the functions defined by (12.51) . (12. 6p . Recall that for any 
c(x, A), s(x, A), c'(x, A), and s'(x, A) are entire functions of A, hence so are 

4t(A);= ^MWM ^ A _ (A);= c(T,A)- S -(T,A) (61) 

The function 2A + (-) is the trace of the monodromy matrix and it is called Hill's discriminant 
(or the Lyapunov function). 

As before, we denote by rh±(X) (jn±(X)) the Titchmarsh-Weyl m-coeflicient for ( 12. 5ft on M.± 
corresponding to the Dirichlet (Neumann, resp.) boundary condition at 0. Then, 

ffi±(A) = i = ^w;v^n , ,, 2) 

m±(A) s(T, A) 

where the branch of the multifunction a/A^(A) — 1 is chosen such that both m±(-) (and so 
m±(-)) belong to the class (R). For continuous q(-), formula (16.21) may be found, e.g., in [56l 
Sec. 21. 2], the proof of (16.21) for q G L 1 ^, T\ is the same. 
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Lemma 6.1. Let L be a Sturm- Liouville operator with a T -periodic potential q G Zq oc (R). Let 
also Ao := inf a (L) . Then: 

(i) (—00 <) Ao is a first order zero of A + (A) — 1 and A' + (Ao) < 0; 

(ii) s(T,A )>0. 

This statement is well known for the case of continuous q (see e.g. [56., Sec.21.4]). For the 
case q G L 1 [0,T], it can be obtained, e.g., from [601 Sections 12 and 13]. 

Proof, (ii) follows from [60, Theorem 13.7 (a)]. 

(i) The proofs of Theorems 12.5 (c), 12.7, and 13.10 in [60J show that Ao is the first eigenvalue 
of the corresponding periodic problem, A + (A ) = 1, A + (A) > 1 for A < A , and A + (A) < 1 for 
A — A > small enough. So the order n Xo of A as a zero of the entire function A + (A) — 1 is an 
odd number. Let us show that n\ = 1 (and therefore, A' + (Ao) < 0). It follows from (16. 2h and 
statement (ii) that fh + (\) rs C\ + C^A — Ao) nAo//2 as A — > Ao, where C\, C2 are real constants 
and C2 7^ 0. So if n\ > 3, then m + G" (R), a contradiction. □ 

Proof of Theorem \1.2L Consider the operator L = —d 2 /dx 2 + q(x) with a T-periodic potential 
q and assume that Ao(= infcx(L)) > 0. It follows from (12. 8p and (16.21) that Titchmarsh-Weyl 
m-coefficients for the operator A = (sgn x)L have the form 

M ± (A) = g(T ' ±A) . (6.3) 

A_(±A) Tx Ml(±A)-l 



By Proposition 12.51 00 is a regular critical point of A. At the same time, by Proposition 
it suffices to consider only the case A = 0. 
Assuming A = 0, consider two cases. 

(a) Let A_(0) = 0. Lemma l6.ll (i) yields that Ao = is a first order zero of the entire 
function A + (A) — 1. By Lemma [6.11 (ii). s(T, 0) > and, therefore, (I6.3P implies 

M ± (A) = *(T,0)(1 + Q (A)) = ± ^ 

±A(A'_(0) + 0(A)) =f v /±A(2A' + (0) + 0(A)) V±\ l ,b 

as A -> 0, where C x = s{T, 0)/ v /-2A'+(0) > 0. Substituting (E3D for Af±(-) in (j33J with 
c = 0, we see that Theorem 13.41 implies that is not a singular critical point of A. 

(b) Suppose A_(0) ^ 0. Note that A_(A) and A+(A) are real if A G R. Combining (E3J) 
with Lemma [6.11 (ii), we get 

M ± (X) = - . m a(T, ° ) [1+0(VX)], A-0, (6.5) 
A_(0) =F 20 2 v±A 



with C 2 = v/-2A' + (0) > 0. Using Theorem S3 with c = 2s(T, 0)/A_(0) G R \ {0}, we see 
that is not a singular critical point of A. 

Thus the operator A is J-nonnegative and has no singular critical points. Moreover, ker A = 
kerL, and kerL = {0} since q is T-periodic (see e.g. jHOl Sec. 12]). Proposition 12.31 completes 
the proof of Theorem 11.21 □ 
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Remark 6.1. Let T -periodic functions p, q, and to be such that -,q,u G Lj oc (R) and p, lo > 
a.e. on R. T/ien i/je operator 

{Ly)(x) := — (-(p^ytx))' + q(x)y(x)) 

(jJ{X) 

defined on the maximal domain in L 2 (R,uj(x)dx) is self-adjoint and semi-bounded from below. 
Moreover, equation (E2j) and Lemma \ 6.1\ hold with the same proofs. Therefore the proof of 
Theorem shows that is not a singular critical point of the operator A := (sgn x)L 
whenever A is J-nonnegative. // additionally the critical point oo is regular, then A is similar 
to a self-adjoint operator. For instance, the latter holds if p,^ G 5, 5) for certain 5 > 

and the function r(x) := (sgn x)u(x) satisfies the conditions of Proposition IE5\ (i) (see JTJl 
Sec. 3]). 

6.2 Infinite-zone and finite-zone potentials. 

In this subsection we consider the cases of (real) infinite- and finite-zone potentials. 

Following [15] ; we briefly recall definitions. First note that the spectrum of the operator 
L = —d 2 /dx 2 + q(x) with an infinite- zone potential q is absolutely continuous and has the zone 
structure, i.e., 

a(L) = a^L) = [^,/4] U KM] U • • • , (6.6) 
where and are sequences of real numbers such that 

/i r < n\ < £ < ■ ■ ■ < ffj-i < /4 < V] < ■ ■ ■ , (6-7) 

and 

lim [/, = lim //• = +oo. 

j—*oo J j^oo J 

In the case of a finite-zone potential, the corresponding sequences {ti T j}o , {{i l j}f =1 are finite, 
N < oo, the spectrum of L is also absolutely continuous and is given by 

a{L) = a ac (L) = n\\ U [//£, /4] U • • • U \pf N , +oo) . (6.8) 

Let N G Z + . Consider also sets of real numbers and {ej}^ such that £j G [/^-, /ij] and 

€j G {-1, +1} for all j < N. Define polynomials R{\), -P(A), and Q(X) by 

pw = nf=i(A - a r(\) = (a - /ig) nf =1 (A - ^xa - (6.9) 

Q(A)=P(A)Ef.iP^^- (6.10) 

Then there exists (see [151 Lemma 8.1.1]) a real polynomial S'(A) of degree degS* = N +1 such 
that 

TV 

5(A) = H(X-tj), r e(-oo,i/ ], rjelpfj,^, je{l,...,N}, (6.11) 

3=0 
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and the following identity holds 



P(A)S(A)-Q 2 (A) = R(\). (6.12) 
According to [HI formulas (8.1.9) and (8.1.10)] the functions 

m±W ■■= ± nn , P{X) r W T S (6 - 13) 

are the Titchmarsh-Weyl m-coefficients corresponding to the Neumann boundary value prob- 
lems on M-t for some Sturm-Liouville operator L = —d 2 /dx 2 + q(x) with a quasi-periodic 
potential q = q (see e.g. [Ml Sec. 10. 3]). Here the multifunction y/ R(-) is considered on C with 
cuts along the union of intervals (16.81) . The branch yj R(-) of the multifunction is chosen in 
such a way that y/R(X + iO) > for some Ao € (/x^v, +oo). So both m±(-) belong to the class 
(R). In this case the spectrum of L is given by (16.81) . 

Definition 6.1 ([IE]). A real quasi-periodic potential q is called finite- zone if the Titchmarsh- 
Weyl m- coefficients m± admit the representations $6.13\) . 

Note that if the potential q is T-periodic and the equation A+(A) = 1 (see (16. ip ) has a 
finite number of simple roots, then q is a finite-zone potential (see [Ml Sections 7.4 and 8.1]). 
Moreover, in this case ^ and /A denote simple roots of A+(A) — 1 = listed in the natural 
order. Note also that every finite-zone potential q is bounded and its n-th derivative -£^q is 
bounded on K for any n G N (see [HI Sec.8.3]). 

A criterion of the similarity to a self-adjoint operator for (not necessary J-nonnegative) 
operator A = (sgn x)(—d 2 /dx 2 +q(x)) with a finite-zone potential was obtained in [121 Theorems 
7.1 and 7.2]. For the case of a J-nonnegative operator A, we present a new simple proof of [421 
Corollary 7.4] based on Theorem 13.41 

Theorem 6.2 ([42]). Let q(x) be a finite-zone potential and //q > 0. Then the operator A = 
(sgn x)(—d 2 /dx 2 + q(x)) is similar to a self-adjoint operator. 

Proof. Consider the operator L = —d 2 /dx 2 + q(x) with a finite- zone potential q and assume 
that L > 0. This is equivalent to /xj > due to (16. 8p . 
Combining flUD with flBTBl and fl6~T2"|) . we get 

M ± (AH P(±X ) - q(±A) (6-14) 



It is easy to see that 



M±(\) = ±^=[l + 0(\- 1/2 )}, A^oo, AGC+. (6.15) 

V iA 



This implies that the function (M + + M_)(M + — M_) 1 is bounded in a certain neighborhood 
of oo. So oo is a regular critical point due to Theorem 13.41 
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Let us prove that is not a singular critical point. As in the periodic case, we note that 
is not a critical point if fi r > 0. Further, assume that /Zq = and consider the cases analogous 
to that of the proof of Theorem 11.21 

(a) Let t = (= /ip), where To is defined in (16.111) . Then -R(O) = S(0) = 0, and it follows 
from (16U21) that Q(0) = 0. By definition, P(0) = P(fi r ) ^ and, therefore, (1Q31) implies that 

(El holds With Ci = ; 1/2 > 0. 

— (n^i/"-^) 

(6) Let r ^ (actually, this yields r < 0, see (jBTTT]) ). Then 5(0) ^ 0. Further, i?(0) = 0, 
P(0) 7^ and (I6.12p implies that Q(0) ^ 0. Using the second representation of M ± (A) from 
(I6.14p . one can check that 

M±(A) = C 2 ±iC 3 V±\ + o{\\\ 1/2 ), A^0, (6.16) 

where C 2 = Q(0)/S(0) Gl \ {0} and C 3 = |Ci/S(0)| > 0. 

The arguments of Subsection 16.11 conclude the proof. □ 

In the proof of Theorem 16.21 we have shown that oo is a regular critical point of A using 
the asymptotic formula (16.151) for M± and the regularity condition, Theorem 13.41 On the other 
hand, this fact follows from Proposition 12.51 

Now consider infinite sequences {/iJ}o°> {^ l j}T '> {£i}i°> an d { e j}i° such that £j G 
ej G { — 1, +1} for all j > 1, and assumptions (16.71) and inequalities 

oo OO .. 

X>K/4 - /4) < oc, E^<°°- ( 6 - 17 ) 

i=l J=l ^ 

are fulfilled. For every N G N, put 



s» = nf.,^, /« = (a - rt) nf„ (6.i8) 

MA)=SJ ,(A)E~ 1 ^i, MA) = ^. (6-19) 

It is easy to see from (16.171) that g^ and converge uniformly on every compact subset 
of C. Denote liniAr^oo (?tv(A) =: g(\), limAr-^oo /at(A) =: /(A). |48j Theorem 9.1.1] states that 
there exist limits hin^^oo /iat(A) =: h(X), lini7v->oo ^at(A) =: fc(A) for all A G C. Moreover, the 
functions g, f, h, and k are holomorphic in C. 

It follows from [HI Subsection 9.1.2] that the functions 

m ± (A) := ±— -^L= (6.20) 

are the Titchmarsh-Weyl m-coefficients on M± (corresponding to the Neumann boundary con- 
ditions) for some Sturm-Liouville operator L = —d 2 /dx 2 + q(x) with a real bounded potential 
q(-). The branch a/ /(•) of the multifunction is chosen such that both m±(-) belong to the class 
(R). 
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Definition 6.2 ([H]). A real potential q is called an infinite-zone potential if the Titchmarsh- 
Weyl m- coefficients m± admit representations A6.20\) . 

Let q be an infinite-zone potential defined as above. Since q is bounded, the operator 
L = —d 2 /dx 2 + q(x) is self-adjoint. Its spectrum is given by (16.61) . B. Levitan proved that 
under the additional condition inf(/^ +1 — ji 1 -) > 0, the potential q is almost-periodical (see 
[4"8"l Chapter 11]). Note that for a T-periodic potential q the first inequality in (I6.17P implies 
q E W^lOjT], and the second inequality in ( 16. 17ft obviously follows from asymptotic formulas 
for the periodic (anti-periodic) eigenvalues (see [51)1 Sec. 1.5] for details). 

The following theorem is the main result of this subsection. 

Theorem 6.3. Let L = —d 2 /dx 2 + q(x) be a Sturm-Liouville operator with an infinite-zone 
potential q. Assume also that the spectrum cr(L) satisfies j6.11ty and L > (i.e., /ig > 0). Then 



the operator A = (sgn x)L is similar to a self-adjoint operator. 

The asymptotic formula (16. 15ft does not hold true in the infinite-zone case. Therefore, we 
use Proposition 12.51 to prove that oo is a regular critical point. The rest of the proof is also 
close to subsection 16.11 

Proof. It is sufficient to consider the = 0. Recall that the functions g, f, k, and h 

defined above are holomorphic in C. Moreover, g and / admit the following representations 

where the infinite products converge uniformly on all compact subsets of C due to assumptions 
(I6.17P (see [IE1 Section 9]). From this and £ 3 - > /1q = 0, j E N, we see that 

/(0) = 0, g(0) ± 0. (6.21) 

It follows from fl6TT9l) that 

h N (X)g N (X) - k%(\) = f N (X) and h(\)g(\) - k 2 (\) = f(\). (6.22) 
As above, the latter yields 



M±(A) " ki±x,Twn±x) " am ■ ( ' 

(a) Let fe(0) =0. Then (l6~2T|) and the first equality in (RT25]1 yield that ((S3D holds with 
Ci = rijli (11^=1 f^jf^j) 2 > ( as aDove ) the product converges due to (I6.17P ). 

(b) Let k(0) 7^ 0. Then ( 16.221) and (16.2ip yield h(0) ^ 0. Using the second representation of 
M±(A) from (E23D, we get (16U61) with the constants C 2 = k(0)/h{0) E E, C 3 = \d/h{0)\ > 0. 

Theorem 13.41 and Proposition 12.51 complete the proof. □ 

If the potential q is periodic or finite(infinite)-zone and inf o~(L) = 0, it is easy to show that 
is a critical point of A. So we have proved that is a regular critical point in these cases. 
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7 Operators with nontrivial weights 

In this section, we consider the J-self-adjoint operator A of the type (11.21) assuming that q = 0. 
In this case assumption (11.41) is fulfilled if and only if x ^ L 2 (R-t, \r(x)\dx). In the following 
uj(-) stands for |r(-)|. Let us denote the corresponding operator by 

^:=-^^* dom(L w )=S>. (7.1) 

u>[x) ax 2 

Note that the operator is J-nonnegative. Hence, by Proposition 12.41 the spectrum of A^ is 
real, a(A w ) C R. 

The main aim of this section is to prove Theorem 11.31 But first we need two preparatory 
lemmas. 

Consider the spectral problem 

- y"(x) = Xx a y(x), x > 0; y'(0) = 0, (7.2) 

with a > — 1. Denote by z l ^ 2+a \ z E C \ R + , the branch of the multifunction with cut along 
R+ such that (-l)V(2+«) = e W(2+«). 

Lemma 7.1 ([H]). Let a > —1. Then the function 



m a (X):=C u e^X-\ A G C + ; u = C v : = ^ + v) (7.3) 

a + 2 v zv l (1 — z/j 

is the Titchmarsh-Weyl m- coefficient of the problem Here T(-) is the classical Y -function. 

This result was obtained in [T7] using an explicit form of the Weyl solution of equation (17. 2p 
(see [32, Part III, equation 2.162 (la)]). A different and simpler proof of Lemma \7. II was given 
in [S] (but without computing C v ). 

As a corollary of Lemma 17. 1[ we obtain a simple proof of [2U Theorem 2.7]. 

Theorem 7.2 ([21]). If u>(x) = \x\ a , a > —1, then A^ is similar to a self-adjoint operator in 
L 2 (R,iu(x)dx). 

Proof. The operator A\ x \<* is J-self-adjoint since x ^ L 2 (R-t, |x| a da;). By Lemma f7.ll we have 
M+(-) = -M_(— ) = m a {-). Hence, 

M + (A) + M_(A) l + exyjmv} 

M+(A)-M_(A) l-exp{z7rz/}' +■ v- 

By Theorem 13.31 A| a |a is similar to a self-adjoint operator. □ 

Lemma 7.3. Let a > — 1 and let p be a positive function satisfying M.9\) on R + with a + = a 
and certain c + > 0. Let m+(-) fre £/ie Titchmarsh-Weyl m-coefficient of the problem 

d 2 y(x) 



dx 2 

Then 

m + (A) = C v e ivv {c+X)- V {l + o(l)), A - 0; 



Xp(x)\x\ a y(x), x>0; y'(0) = 0. (7.5) 

1 



a: 
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Proof. Without loss of generality it can be assumed that c + = 1. 

Let f p (x, A) denote the Weyl solution of (17.51) for A 6 C + (we will write fi(x, A) if p = 1) 
It is known (see [3"2l Part III, equation 2.162 (la)]) that the general solution of f)7.2p is 



/2^ 



y(x, A) = c 1 ^H ( ^{2uVXx l/2v ) + c 2 ^H {2) (2vVXx l 

where Cj G C and Hi?\-) are the Hankel functions (see [EE Sec.3.6]). Moreover (see [EH 
Sec.7.2]), if —it + 5 < axgz < ir — 5, 5 > 0, then 



H?Hz) 



( 2 \ 1/2 



(— 

\7TZ 



1/2 



-i(z~uiv/2—ir/4) , 



l + Oiz- 1 )), 



Note that (ITi)]) - (17771) implies fi{x,\) = JxH)}\2v^fXx x l 2v ) and 

W(i^)(z),if( 2 )(z)) = -^, 

where FT is the Wronskian PU(/, <?)(x) := f(x)g'(x) — f'(x)g(x). 
Let us consider the Green function 



z — > oo; 



z — > oo. 



(7.6) 
(7.7) 



(7.8) 



G(x,t;X) = ipi(t, X)fi{x, A) - ¥i{x, \)fi(t, A). 

Here y» x = c 2 {X)^h!) 2) (2v\[\x x I 2v ) and c 2 is chosen such that W(fx, tp x ) = 1 (cf. (EE}). Using 
(|7.7p - (|7.8|) . after straightforward calculations we obtain 



G(x, t; A) 



/i(*;A) 



h(x; A) 



(*«/ 



(1 - expizA^d^i/ 



2;/ 



l/2i/ 



)}) 



Hence, for < x < t. 



G{x,t;X) 



fi(x;X) 





A-i/2 


< 2C 2 


W 2 + 1 





Consider the following integral equation 



+oo 



y p (x; A) = A) + A / \t\ a (p(t) - l)G(x, t; X)y p (t; X)dt. 



(7.9) 



(7.10) 



Using a standard technique (see, for example, [50, Sec. 3.1]), one can show that (17.91) and 
(11.91) imply that the solution of (IT. 101) exists and is the Weyl solution of (17.51) . Denoting 
y p (x, A) = /i(x, X)y p (x, A) in (|7.10|), one gets 



y p (x; A) = 1 + A 



\t\ a (p(t) - l)G(x,t;X)^^y p (t,X)dt. 



(7.11) 
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Combining (17.111) with (17.91) and (11.91) . we arrive at 



f P (0, A) = /i(0, A)(l + o(l)), A - 0. (7.12) 

Analogously one obtains 

/;(0,A) = ^(0,A)(l + o(l)), A^O. (7.13) 
Combining fl7TT2D . (1733]) with pTTjl . we obtain 

m+(A) = -ftf = -fH (i + o(i)) = m - (A)(i + A -* ° 

□ 

Proof of Theorem \1.3[ (i) By (11.91) and Lemma 17.31 we obtain 

M + (A) = m + (A)=a + e*™ + (c + Ar+(l + o(l)), 

M_(A) = -m-(-A) =a_(c-A) Iy -(l + o(l)), A -> 0, A e C+, 

where u± — 1/(2 + a±) and c± > 0. Therefore, 

M + (A) + M_(A) 
M + (A) - M_(A) 

Hence (M + (A) + M_(A)) (M + (A) - M_(A)) _1 is bounded in a neighborhood of 0. Thus, by 
Theorem 13.41 is not a singular critical point of A^. 

(ii) Condition (11.91) implies that uj ^ L 1 (R = |-). Hence ker^4 w = {0}. Combining (i) with 
Propositions 12.51 and 12.31 we obtain the similarity of A^ to a self-adjoint operator. □ 

Remark 7.1. Using another approach, M.M. Faddeev and R.G. Shterenberg proved the simi- 
larity of A^ to a self-adjoint operator under additional rather strong assumptions on the weight 
uj (see [T9[ Theorem 7]). We avoid these difficulties using the spectral theory of J-nonnegative 
operators. 
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C v+ e™+{c + \) v + -C„_(c_A) 1 



C v+ e im/ +(c+X) v + + C v _(c-\) 1 



A -> 0. 



31 



References 



[1] N.L. Abasheeva and S.G. Pyatkov, Counterexamples in indefinite Sturm-Liouville prob- 
lems, Siberian Adv. Math. 7 (1997) no.4, 1-8. 

[2] N.I. Akhiezer and I.M. Glazman, Theory of linear operators in Hilbert space. Vol. II. 
Translated from the third Russian edition. Monographs and Studies in Mathematics, 10 
(Pitman, Boston, Mass. -London, 1981). 

[3] R.V. Akopian, On the regularity at infinity of the spectral function of a J-nonnegative 
operator, Izv. Akad. Nauk Armjan. SSR, Ser. Math., 15 (1980) no. 5, 357-364 [russian] 

[4] S. Albeverio, F. Gesztesy, R. H0egh-Krohn, H. Holden Solvable models in quantum me- 
chanics (Springer, New- York, 1988). 

[5] T.Ya. Azizov and I.S. Iokhvidov Linear operators in spaces with an indefinite metric (John 
Wiley and Sons, Chichester, New York, 1989). 

[6] R. Beals, Indefinite Sturm-Liouville problems and Half-range completeness, J. Differential 
Equations 56 (1985) 391-407. 

[7] J. Behrndt and C. Trunk, On the negative squares of indefinite Sturm-Liouville operators, 
J. Differential Equations 238 (2007) 491-519. 

[8] F. A. Berezin, M. A. Shubin The Schrddinger equation (Kluwer, Dordrecht-Boston- 
London, 1991). 

[9] P. Binding, B. Curgus, A counterexample in Sturm-Liouville completeness theory, Proc. 
Roy. Soc. Edinburgh Sect. A 134 (2004), no. 2, 244-248. 

[10] P. Binding, H. Volkmer, Existence and asymptotics of eigenvalues of indefinite systems of 
Sturm-Liouville and Dirac type. J. Differential Equations 172 (2001), no. 1, 116-133. 

[11] J. A. van Casteren, Operators similar to unitary or selfadjiont ones, Pacific J. Math. 104 
(1983) no. 1, 241-255. 

[12] B. Curgus, On the regularity of the critical point infinity of definitizable operators, Int. 
Equat. Oper. Theory 8 (1985), 462-488. 

[13] B. Curgus, Boundary value problems in Krein spaces, Glas. Mat. Ser. Ill 35(55) (2000) 
no. 1, 45-58. 

[14] B. Curgus and H. Langer, A Krein space approach to symmetric ordinary differential 
operators with an indefinite weight function, J. Differential Equations 79 (1989) 31-61. 

[15] B. Curgus and B. Najman B, The operator (sgn x)-£^ is similar to a selfadjoint operator 
in L 2 (R), Proc. Amer. Math. Soc. 123 (1995) 1125-1128. 



32 



[16] V.A. Derkach and M.M. Malamud, Generalized resolvents and the boundary value prob- 
lems for Hermitian operators with gaps, J. Fund. Anal. 95 (1991) 1-95. 

[17] W.N. Everitt and A. Zettl, On a class of integral inequalities, J. London Math. Soc. (2) 
17 (1978) 291-303. 

[18] M.M. Faddeev and R.G. Shterenberg, On similarity of singular differential operators to a 
selfadjoint one, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 270 
(2000). Issled. po Linein. Oper. i Teor. Funkts. 28, 336-349 [russian]; translation in J. 
Math. Sciences 115 (2003), no. 2, 2279-2286. 

[19] M.M. Faddeev and R.G. Shterenberg, On similarity of differential operators to a selfadjoint 
one, Math. Notes 72 (2002) 292-303. 

[20] M. Faierman and H. Langer, Elliptic problems involving an indefinite weight function, 
Oper. Theory: Adv. Appl. 87, Birkhauser, Basel, 1996, 105-124. 

[21] N. Fisch and M.D. Kruskal, Separating variables in two-way diffusion equations, J. Math. 
Phys. 21 (1980) no. 4, 740-750. 

[22] A. Fleige, Spectral theory of indefinite Krein-Feller differential operators, (Mathematical 
Research 98, Berlin, Akademie Verlag, 1996). 

[23] A. Fleige, A counterexample to completeness properties for indefinite Sturm-Liouville prob- 
lems, Math. Nachr. 190 (1998) 123-128. 

[24] A. Fleige and B. Najman, Nonsingularity of critical points of some differential and differ- 
ence operators, Oper. Theory: Adv. Appl. 102, Birkhauser, Basel, 1998. 

[25] G. Frieling, M. Vietri and V. Yurko, Half-range expansions for an astrophysical problem, 
Lett. Math. Phys. 64 (2003) 65-73. 

[26] A. Ganchev, W. Greenberg and C.V.M. van der Mee, A class of linear kinetic equations 
in a Krein space setting, Int. Equat. Oper. Theory 11 (1988) no. 4, 518-535. 

[27] W. Greenberg, C.V.M. van der Mee and V. Protopopescu, Boundary value problems in 
abstract kinetic theory, Operator theory 23, Basel, Birkhauser, 1987. 

[28] Hartman P. Ordinary Differential Equations (John Wiley and Sons, New York-London- 
Sidney, 1964). 

[29] IS. Iohvidov, M.G. Krein and H. Langer, Introduction to the spectral theory of operators 
in spaces with an indefinite metric (Mathematical Research 9, Akademie- Verlag, Berlin, 
1982). 

[30] P. Jonas and H. Langer, Compact perturbations of definitizable operators, J. Operator 
Theory 2 (1979) 63-77. 



33 



I.S. Kac and M.G. Krein, .R-functions - analytic functions mapping the upper halfplane 
into itself, Amer. Math. Soc. TransL, Ser. 2 103 (1974) 1-19. 

E. Kamke, Differentialgleichungen: Losungsmethoden und Losungen (Chelsea Publishing 
Company, New York, 1948). 

H. G. Kaper, M.K. Kwong, C.G. Lekkerkerker and A. Zettl, Full- and partial- range ex- 
pansions for Sturm-Liouville problems with indefinite weights, Proc. Roy. Soc. Edinburgh, 
Sect A 98 (1984) 69-88. 

V.V. Kapustin, Nonself adjoint extensions of symmetric operators, Zap. Nauchn. Sera. S.- 
Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 282 (2001) Issled. po Linein. Oper. i Teor. 
Funkts. 29, 92-105, 279; translation in J. Math. Sci. (N. Y.) 120 (2004) no. 5, 1696-1703. 

I. M. Karabash, The operator — (sgnx)-^ is similar to a selfadjoint operator in L 2 (R), in: 
Spectral and evolutionary problems, Proc. of the Eighth Crimean Autumn Math. School- 
Symposium, Simferopol, 8 (1998) 23-26. 

I.M. Karabash, J-selfadjoint ordinary differential operators similar to selfadjoint operators, 
Methods Fund. Anal. Topology 6 (2000) no. 2, 22-49. 

I.M. Karabash, Abstract kinetic equations with positive collision operators, preprint, 
\arXiv:0708. 251 0v2 [math.SP] (to appear in Oper. Theory: Adv. Appl.) 

I.M. Karabash and A.S. Kostenko, Indefinite Sturm-Liouville operators with the singular 
critical point zero, preprint, arXiv:math/0612173vl [math.SP] (to appear in Proc. Roy. 



Soc. Edinb. A) 

I.M. Karabash and A.S. Kostenko, On the similarity of a J-nonnegative Sturm-Liouville 
operator to a self-adjoint operator, (to appear in Funct. Anal. Appl.). 

I. Karabash, A. Kostenko and M. Malamud, The similarity problem for J-nonnegative 
Sturm-Liouville operators, ESI preprint no. 1987, 36 p. 

I.M. Karabash and M.M. Malamud, On similarity of J-selfadjoint Sturm-Liouville oper- 
ators with finite-gap potential to selfadjoint one, Doklady Mathematics 69 (2004) no. 2, 
195-199. 

I.M. Karabash and M.M. Malamud, Indefinite Sturm-Liouville operators (sgn x)(— j-^ + q) 
with finite-zone potentials, Operators and Matrices 1 (2007) no. 3, 301-368. 

A.S. Kostenko, Spectral analysis of some indefinite differential operators, Methods Funct. 
Anal. Topology 12 (2006) no.2, 157-169. 

A.S. Kostenko, Similarity of some J-nonnegative operators to self-adjoint operators, Math. 
Notes 80 (2006) no.l, 131-135. 



34 



[45] M.G. Krein, On the transfer function of a one- dimensional boundary problem of the second 
order, Dokl. Akad. Nauk. SSSR 88 (1953) 405-408 

[46] M.G. Krein and I.E. Ovcharenko, Inverse problems for Q-functions and resolvent matri- 
ces of positive Hermitian operator, Dokl. Akad. Nauk. SSSR 242 (1978) no. 3, 521-524 
[russian] . 

[47] H. Langer, Spectral functions of definitizable operators in Krein space, Lecture Notes in 
Math. 948 (1982) 1-46. 

[48] B.M. Levitan, Inverse Sturm- Liouville problems (VNU Science Press, Utrecht, 1987). 

[49] M.M. Malamud, A criterion for similarity of a closed operator to a self-adjoint one, 
Ukrainian Math. J. 37 (1985) 49-56 [russian]. 

[50] V.A. Marchenko, Sturm- Liouville operators and applications (Kiev, "Naukova Dumka", 
1986) [russian]; English transl.: Oper. Theory Adv. Appl. Vol. 22 (Birkhauser, Basel, 
1986). 

[51] S.N. Naboko, On some conditions of similarity to unitary and selfadjoint operators, Funk- 
tsional. Anal, i Prilozhen. 18 (1984) no. 1, 16-27 [russian]. 

[52] A.I. Parfenov, On an embedding criterion for interpolation spaces and application to in- 
definite spectral problem, Siberian Math. J. 44 (2003) no. 4, 638-644. 

[53] S.G. Pyatkov, Some properties of eigenfunctions of linear pencils, Siberian Math. J. 30 
(1989) 587-597. 

[54] S.G. Pyatkov, Some properties of eigenfunctions and associated functions of indefinite 
Sturm-Liouville problems, in: Nonclassical Problems of Mathematical Physics, Sobolev 
Institute of Mathematics, Novosibirsk (2005) 240-251. 

[55] A. A. Shkalikov, The indefinite Sturm-Liouville problem: the known and the unknown, 
Russian Mathematical Surveys 48 (1993) 225-226. 

[56] E.C. Titchmarsh, Eigenfunction expansions associated with second-order differential equa- 
tions. Vol.1 (Clarendon Press, Oxford, 1946); Vol.11. (Clarendon Press, Oxford, 1958). 

[57] K. Veselic, On spectral properties of a class of J-self-adjoint operators. I, Glasnik Math. 
Ser. Ill 7 (1972) no.2, 229-248. 

[58] H. Volkmer, Sturm-Liouville problems with indefinite weights and Everitt's inequality, 
Proc. Roy. Soc. Edinburgh A 126 (1996) 1097-1112. 

[59] G.N. Watson, A treatise on the theory of Bessel functions (Cambridge Univ. Press, 1944). 

[60] J. Weidmann, Spectral theory of ordinary differential operators. Lecture Notes in Math- 
ematics Vol. 1258 (Springer- Verlag, Berlin, 1987). 



35 



[61] A. Zettl, Sturm- Liouville Theory (AMS, 2005). 



Illya M. Karabash, 

Department of Mathematics and Statistics, University of Calgary, 
2500 University Drive NW, Calgary T2N 1N4, Alberta, CANADA 
and 

Institute of Applied Mathematics and Mechanics, NAS of Ukraine, 
R. Luxemburg str., 74, Donetsk 83114, UKRAINE 
e-mail: karabashi@yahoo.com, karabashi@mail.ru 

Aleksey S. Kostenko, 

Institute of Applied Mathematics and Mechanics, NAS of Ukraine, 
R. Luxemburg str., 74, Donetsk 83114, UKRAINE 
e-mail: duzer80@mail.ru; duzer80@gmail.com 

Mark M. Malamud, 

Institute of Applied Mathematics and Mechanics, NAS of Ukraine, 
R. Luxemburg str., 74, Donetsk 83114, UKRAINE 
e-mail: mmm@telenet.dn.ua 



36 



